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SUMMARY

This study is concerned with the Green function of the theory of potential flow about a body in regular
(time-harmonic) water waves in deep water, that is with the linearized velocity potential of the flow due to a
source of pulsating strength at a fixed position below the free surface (or a pulsating flux across the free
surface) of a quiescent infinitely deep sea. An asymptotic expansion and a convergent ascending-series
expansion for the Green function are obtained from two alternative complementary ‘near-field’ and ‘far-field’
single-integral representations in terms of the exponential integral. The asymptotic expansion and the
ascending series allow efficient numerical evaluation of the Green function for large and small distances,
respectively, from the mirror image of the singularity (submerged source or free-surface flux) with respect to
the mean sea surface.

1. Introduction

A classical and important problem in free-surface hydrodynamics is that of linearized potential
flow about a body in regular (time-harmonic) water waves. Particular problems of practical
interest encompassed in this general potential-flow problem are the usual problems of wave
radiation, in which a rigid body is forced to oscillate about a mean position in otherwise calm
water, and of wave diffraction by a rigid body held fixed in a train of plane progressive waves.
The problem of linearized motion of a freely floating rigid body in regular waves can be
decomposed into such a wave-diffraction and six basic wave-radiation problems (corresponding
to the six degrees of freedom of motion of an unrestrained rigid body), as is well known, and is
explained in some detail in Wehausen [1] and Newman [2], for instance, where expressions for
the wave force and moment and the coefficients of added mass and damping may also be
found.

The present study is concerned with the Green function of the theory of potential flow
about a body in regular water waves in deep water, that is with the linearized velocity potential
of the flow due to a source of pulsating strength at a fixed position below the free surface
(or a pulsating flux across the free surface) of a quiescent infinitely deep sea. This function has
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been studied extensively during the 1940s and early 1950s, notably by Kochin [3], Havelock
[4, 5], Haskind [6, 7], John [8], Liu [9], Thorne [10], and MacCamy [11]. These studies are
reviewed in Wehausen and Laitone [12], where several alternative integral representations of
the Green function are listed. A convergent expansion of the Green function involving spherical
harmonics is given in Ursell [13].

The advent of fast computers opening up the feasibility of numerical calculations for three-
dimensional flows has caused a search of expressions for the Green function suited for efficient
numerical evaluation. Thus, a modified form of the Haskind [7] expression for the Green
function is given and used in Kim [14]. This modified Haskind expression was also used by
Yeung [15], and was rederived by Hearn [16]. Recently, an integral representation for the
Green function in terms of the exponential integral was obtained, independently and in
different manners, by Guevel and Daubisse [17], Martin [18], and Noblesse [19]. Martin
also gives asymptotic expansions of the Green function, and the study by Noblesse contains
asymptotic expansions and convergent ascending series.

The plan and main results of the present study of the Green function are now presented.
The basic potential-flow problem of the linearized theory of flow about a body in regular
water waves is formulated in Section 2; following Lighthill [20], the problem is formulated
as an initial-value problem of the form indicated by equation (2.2a). In Section 3, the classical
double-integral representations (3.10a,b) of the Green function are derived, in a usual manner
by using a double Fourier transform with respect to the horizontal coordinates x and y.

The field equation and boundary condition satisfied by the Green function are examined
in detail in Section 4. Specifically, the Green function is shown to satisfy equations (4.3) or
(4.4), depending on whether the pulsating singularity is fully submerged or on the mean sea
surface, respectively. Equations (4.3) for a submerged source are well known. However,
equations (4.4), corresponding to a flux across the mean sea surface, are proper in the limiting
case when the singularity is exactly on the mean sea surface. These equations are important for
the formulation of an integral equation for determining the velocity potential of flow about a
body in regular waves, as is shown in [19] where a new integral equation indeed is obtained by
using both equations (4.3) and (4.4).

In Section S5, three alternative and complementary single-integral representations of the
Green function are obtained from the two alternative double-integral representations (3.10a,b).
These three single-integral representations of the Green function, expressed in the form of
equation (5.1), are: (i) the ‘Haskind integral representation’ (5.8¢c), which is essentially identical
to the expression obtained by Haskind [7], (ii) the ‘near-field integral representation’ (5.11),
which has also been obtained (independently and in a different manner) by Guevel and
Daubisse [17] and Martin [18], and (iii) the ‘far-field integral representation’ (5.21), which
does not appear to have been given previously.

The modified Haskind integral representation (5.8c) and the ‘near-field representation’
(5.11) are especially well suited for evaluating the function g(%, v) for small values of v and
h, respectively. Indeed, in the limiting cases v =0 and # = O the integrals in these integral
representations vanish, and the function g(#, v) takes the simple forms given by equations
(5.9) and (5.12), respectively. The near-field and far-field integral representations (5.11) and
(5.21) are analogous to the single-integral representations of the Green function of ship
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wave-resistance theory given in Noblesse [21]. The integral representations (5.11) and (5.21)
are used in Sections 6 and 7 for obtaining a convergent ascending series, useful for evaluating
the function g(h, v) for small and moderate values of d = (h® + v*)"?, and an asymptotic
expansion useful for large and moderate values of d.

In Section 6, two complementary asymptotic expansions of the function g(%, v) for large
and moderate values of d are obtained from the near-field and far-field integral representations
(5.11) and (5.21). Comparison of these complementary expansions then yields the single
expansion given by equations (6.17) and (6.17a,b). This asymptotic expansion is more general
than the two asymptotic expansions for large values of 4 and v given in [18] . In Section 7,a
convergent ascending-series expansion of the function g(h, v) is obtained from the near-field
integral representation (5.11). This ascending series, given by equations (7.7), (7.8) and (7.22),
is useful for evaluating the function g(%, v) for small and moderate values of d. The above-
mentioned asymptotic expansion and ascending series are the two main new results of the
present study.

These expansions are supplemented by two one-dimensional Taylor-series expansions useful
for evaluating the function g(k, v) in the vicinity of the axes # = 0 and v = 0. These series,
obained from the near-field and the Haskind integral representations (5.11) and (5.8c), are
given by equations (8.8) and (8.13) in Section 8. Finally, expressions for the gradient of the
Green function are given in Section 9. In particular, the vertical derivative, G,, of the Green
function G can be directly expressed in terms of G, as is shown in expression (9.5). This
expression, previously given in Martin [18], has been obtained here by following an idea used
by Eggers [22] for the analogous problem of ship wave resistance.

2. The problem of potential flow about a body in regular water waves

The basic potential-flow problem of the linearized theory of flow about a body in regular water
waves is briefly formulated in this section. A sea of infinite depth and lateral extent is assumed,
and water is regarded as homogeneous, incompressible (with density p), and inviscid. The only
body force considered is that due to a uniform gravitational field (with acceleration g). Surface
tension and free-surface nonlinearities are neglected. The flow is irrotational and thus can be
represented by a velocity poténtial ®', which is a function of the Cartesian coordinates X(X, Y,
Z) and of the time T, i.e. ®'(X, T). The mean (undisturbed) free surface of the sea is taken as
the plane Z = 0, with the Z-axis positive upwards.
The linerized dynamic sea-surface boundary condition takes the well-known form

gE'+ ¥ +P'jp =0 on Z =0,

where E'(X, Y, T) is the elevation of the free surface above or below its mean level Z =0,
P'(X, Y, T) is the difference between the pressure at the free surface and the atmospheric
pressure, and &7 =9d'(X, Y, Z=0, T)/dT. For most problems of practical interest, the
pressure at the sea surface is a constant equal to the atmospheric pressure, so that one then has
P’ =0. In the presence of a fluid flux, Q'(X, Y, T) say, across the sea surface, the linearized
kinematic sea-surface boundary condition takes the form
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&, = Ep—Q' on Z =0,

where Q' <0 corresponds to fluid being sucked away across the free surface. While for all
practical problems we have Q' =0, it will be useful to allow a fluid flux across the free surface
for determining the sea-surface condition satisfied by the Green function, as will be shown in
Section 4. Elimination of the sea-surface elevation E' between the foregoing dynamic and
kinematic sea-surface conditions then yields the sea-surface boundary condition

gdz + ®pp = —Prlp—gQ’ on Z =0, 2.1

which thus involves the velocity potential ' alone.

In the present study, we are interested in flows that are simple harmonic in time, say with
radiant frequency w (period 27/w). As is well known, and is discussed for instance in Stoker
[23], such free-surface gravity flows are not completely (uniquely) determined unless one
imposes a ‘radiation condition’ expressing that waves at a sufficient distance away from the
disturbance (for instance, a body) which created them must be like ‘outgoing’ progressive
waves, i.e. like progressive waves moving away from the waves source. A convenient alternative
approach, employed for instance in Lighthill [20], to the use of such a ‘radiation condition’ of
‘outgoing waves’, consists in defining a time-harmonic flow as the limit — as the small positive
auxiliary parameter € vanishes — of a flow defined by a velocity potential of the form

' (X, T) = Re d(X)exp [—iw(1+ie)T], (2.2a)

where Re represents the real part. The sea-surface pressure and flux are similarly assumed to be
of the form

P'(X,Y,T)
Q'(X,Y,T)

Re P(X,Y)exp [—iw(1 +ie)T], (2.2b)
Re Q(X,Y)exp [—iw(l +ie)T]. (2.2¢)

In this alternative approach, one then is faced with a traditional ‘initial-value problem’, with the
obvious initial conditions ®' = 0 and &7 = 0 for T = —eo, Use of expressions (2.2a, b, c) into
equation (2.1) then yields the following sea-surface boundary condition:

g0z —w?(1 +ie)’d = iw(l +ie)Plp—gQ on Z=0, 2.3)
for the “spatial component’ ®(X) of the actual potential &' (X, T).
It will be convenient to define adimensional variables in terms of 1/w as reference time and

of some reference length L, from which the reference velocity wlL, potential wL?, and pressure
pw?L? can be readily formed. We thus define the adimensional variables

t = wl, x = X/L, ¢ = d/wl?, p = Plpw?L?, g = 0lwL. (2.4)

In terms of these adimensional variables, the sea-surface condition (2.3) can be shown to become
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¢, —f(1 +ie)’d = if(1 +ie)p—q on z =0, 2.5)

where f is the ‘frequency parameter’ defined as
f = wiL/g. (2.52)

The ‘frequency parameter’ f can obviously be made equal to unity by selecting the reference
length L as g/w?. This choice of reference length essentially corresponds to taking the length of
the water waves as reference length, since we have g/w? = A\/2m — with X the wavelength of
plane progressive waves of frequency w — from the ‘dispersion relation’ for water waves in deep
water. In this choice of reference length, the size of the body causing the waves would however
appear to vary with the frequency w (the body becoming small at low frequency and large at
high frequency). An alternative (possibly more convenient for practical purposes) choice is to
take the reference length L as a length characterizing the size of the body, which would thus
remain the same at all frequencies. The length of the waves, however, would then vary with the
frequency (the waves being long at low frequency and short at high frequency).

The basic potential-flow problem of the linearized theory of flow about a body in regular
water waves can now be briefly stated. As is well known, this problem consists in solving the
Laplace equation

V% =0 in (d), (2.62)

subject to the boundary conditions specified below. The solution domain (d) in equation (2.6a)
is the domain exterior to the body and bounded upwards by the mean sea surface, (o) say,
which consists in the whole plane z = 0 if the body is fully submerged or in the portion of the
plane z =0 exterior to the body in the case where the body pierces the free surface. On the
mean sea surface (0), the sea-surface boundary condition (2.5) must be satisfied:

¢, —f(1 +ie)Y’e = if(l+ie)p—q on (0), (2.6b)

where in fact we generally have p = 0 = g for the problem of flow about a body. The potential
¢ must vanish at infinity; specifically, we have the condition

¢ = O(/Ix]) as |x|~>eo, (2.6¢)
expressing that ¢ vanishes at least as fast as 1/{x| as |x| - . Finally, on the body surface, (b)
say, which actually consists only in the portion of the body surface located below the plane

z = 0 if the body pierces the sea surface, the potential ¢ must satisfy the usual body boundary
condition

¢ given on (b), (2.6d)

where ¢,, = 0¢/0n = V¢-n is the derivative of ¢ in the direction of the unit normal n to (b).
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The precise form taken by the expression for ¢, on (b) in particular problems, notably in the
usual ‘radiation’ and ‘diffraction’ problems, may be found in various places in the literature,
e.g. in Wehausen [1] and Newman [2].

3. Double-integral representations

A well-known technique for solving a potential-flow problem such as the one defined above by
equations (2.6a, b, ¢, d) in the general case of an arbitrarily shaped body, consists in formulating
an integral equation for the potential ¢ based on the use of a Green function satisfying all the
boundary conditions of the problem except the ‘body condition’, which is to be satisfied by
means of the integral equation. The Green function, G(x, g, f, €) say, appropriate to the present
problem then is the solution of the problem defined by the following equations:

VG = 6(x—8H8(y—n)bé(z—°t) in z<0, (3.1a)
G,—f(1+ie)®G =0 on z =0, (3.1b)
G =0Q/r) as r—>oo, (3.1¢)

where 6( ) is the usual ‘Dirac delta function’, and r = |x — §| is the distance between the ‘field
point’ x and the ‘singular point’ .

A particular solution of the Poisson equation (3.1a) is given by 4nG = — 1/r, as is well
known and can readily be verified. The general solution of equation (3.1a) can thus be written
as

4nG(x; &, f,€) = —1/r+ H(x;E,f, €), 32)

where the function A is regular harmonic in the lower half space z <0, and evidently is to be
determined from the boundary conditions (3.1b, ¢). Indeed, use of expression (3.2) into
equations (3.1a, b, ¢) yields

VIH =0 in z<0, (3.32)
H,—f(1+ie)*H = [0, —f(1 +ie)*1(1f/r) on 2z =0, (3.3b)
H = 0(/r) as r-—>o, (3.3¢)

The above problem can be solved by using a double Fourier transform with respect to the
horizontal coordinates x and y. The double Fourier transform of the function A(x; £,/ €) is
denoted by H**(q, 8, 2; €, f, €) and defined as

1 (= = .
H**a,B,2;¢.f,€) = o j._ma'y J._w dxe' B[ (x; g, f, €). 34)
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The corresponding Fourier transform of the function 1/r is
(1/r)** = (1/k) exp [—klz —§| + i(ak + fn)] (3.5)

where k = (a? + ?)Y? by definition, as may be verified. By taking the double Fourier trans-
form with respect to x and y of equations (3.3a,b,c), we may then obtain the following
‘Fourier-transformed problem’ for the function H**(z;, B,§, f, €):

d*H**[dz* —k*H** =0 in 2z<0, : (3.6a)
dH**|dz —f(1 + ie)*H** = — [1 + f(1 + ie)*[k] F5+1@E+BD  on 7 =0, (3.6b)
H** >0 as z—>—oo, (3.6¢)

The general solution of the ordinary differential equation (3.6a) is H** = A exp (kz) + B exp
(—kz), where A and B are arbitrary constants. The boundary condition (3.6¢) shows that
B =0, and the constant A then can be determined from the sea-surface condition (3.6b). We
thus may obtain

. N2
o= - BFIAFIO° 1 GGioiaespm (3.7)
k—f(1+ie) k ’

which can be expressed in the equivalent forms

;32
i = —Lereroriarson _ AT 1 iipyiapen) (3.72)
k k—f(1 +ie) k
1 : 2 .
H** = L rGenvicatepny _ T kGeD+i(at+fn) 37h
k k—fQ +ie)? ' (3.70)

It may be seen from equation (3.5) that the first term on the right side of equation (3.7b) is
equal to the double Fourier transform (1/r")** of 1/r’, where r' is defined as ' =(x"? +y'? +
2’V withx'=x—¢,y' =y —n,and 2’ =z + ¢. Thus, x'(x', y’,z') is the vector joining the
mirror image of the ‘singularity’ & with respect to the sea surface z = 0 to the ‘field point’ x,
and r' is the distance between these two points.

The function H(x; §, f, €) may now be obtained by taking the inverse double Fourier trans-
form of the function H**(a, 8, z; €, f, €), namely

1 = * .
Hp, 5800 = 3= | db |_dae @10, .26 1) 3.8)

By using expressions (3.7a,b) for H** into equation (3.8), and by using the resulting expression
for H into equation (3.2), we can then obtain the following alternative expressions for the
Green function G(x; g, f, €):



144

1 1 f(l+ie? = w ek -ilax'+By")
= —— ——— — d d '
47TG r r’ o J.-ee 6 J._w ¢4 P2 [k —f(l + ie)z] s (3 9a)
1 1 1 ¢ I ekz'—i(ax'+ﬁy’)
416G = ——+ — — — d do — ) ‘
m ror T j—u 4 J._,, o k—f(1 + ie)? (3.9b)

The Green function G (x; €, f, €) obviously is axisymmetric about the vertical axisx =&,y =7,
so that we may take y' =y —n as zero and replace x' =x —§ by p=(x'2 +y'?)V? in
expressions (3.9a,b). Expression (3.9b) then becomes

ez'(oz1+52)”2 “ipa

(a2 + ﬁ2)l/2 _f(l + ie)2 ¢

1 1 2 ¢= =
=——+--21d
4G P J.o B J._mda (3.10a)

A more usual alternative expression is that which can be obtained by performing the substi-
tution ' =0 and x' = p in expression (3.9a), followed by a transformation from the Cartesian
Fourier variables o and § to the polar variables k = (a? + $2)"? and 6, specifically by perform-
ing the change of variable & = k cos 6 and 8 = k sin 6. The resulting classical expression is

e(z'—ip cos @)k

aG = -2 i 2 j"doj”dk (3.10b)
Ty R R Iy ST ’

Expressions (3.10a,b) show that G(x; g, f, €) actually is a function of only three space variables,
namely p =(x'2 + y'?)2 z' =z + ¢, and (z — ¢)? which occurs in 7 = [p? + (z — §)?] V2.

In Section 5, three alternative single-integral representations of the Green function will be
obtained from the two alternative double-integral representations (3.10a,b). The single-integral
representations will then be used to obtain asymptotic expansions, a convergent ascending-
series expansion, and one-dimensional Taylor-series expansions in Sections 6, 7, and 8,
respectively. However, before proceeding with the derivation of these expansions, we shall first
examine the field equation and sea-surface boundary condition satisfied by the Green function,
in the following section.

4. Field equation and boundary condition satisfied by the Green function

As is self-evident from equations (3.1a,b,c), the physical significance of the Green function
G(x; €, f, €) is that Re G(x, §, f, €) exp(e —i)¢t is the linearized velocity potential, at the
‘field point’ x(x, y, z<0) and at the time ¢, of the flow caused by a submerged pulsating
source of strength Re exp (e —i)7, — o <7< ¢, located at point §(&, , { <0). However, this
well-known physical interpretation becomes ambiguous in the limiting case ¢ = 0, since the
source then is obviously no longer fully submerged. A natural complementary interpretation for
this limiting case is to assume that the outflow produced at point (¢, 1, { = 0) now stems from
a flux Re g(x, y) exp (e —i) ¢, with g(x, y) =8(x —§)5(y —n), across the mean sea surface
z = 0. Equations (2.6a,b,c) then suggest that the ‘limit Green function’ G,(x; £, n,f, €) =G (x;
£,1,¢ =0, f, €) must satisfy the following equations:
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V3G, =0 in z<0, (4.12)
G —f(1+i€)*G, = —8(x—§)86(y—n) on z =0, (4.1b)
= O(l/r) as r—>oo, (4.1¢)

A mathematical demonstration of the above physically motivated equations can readily be
provided by verifying that the solution G;(x; £, 7, f, €) of the problem defined by equations
(4.1a,b,c) actually is identical to the ‘limit Green function’ obtained by replacing { by zero in
the previously derived solution G(x; §, f, €) of the problem defined by equations (3.1a,b,c).
Problem (4.1) may be solved in the same manner as was used previously for solving problem
(3.3), namely by using a double Fourijer transform with respect to the horizontal coordinates x
and y. We may then obtain the ‘Fourier-transformed’ problem:

d2Gi*dz* —K*G* =0 in z<0,
dG}*ldz — f(1 +ie)*G™* = —exp [i(at +pn)l/2r on z =0,

G >0 as z->—oo

where G;** is the double-Fourier transform of G, as is defined by formula (3.4). The solution
of the above problem is given by

Gi* = —exp [kz +i(ek + pn)] [2n[k — (1 +ie)?].

By taking the inverse double Fourier transform, as is given by formula (3.8), we can finally
obtain

kz i(ax +By )

Gt f,0) = o | o | T

(4.2)

which can readily be verified to be identical to the expression obtained by replacing { by zero
in formula (3.9b).

Conversely, it may be shown that the 9limit Green function’ G; given by expression (4.2)
does in fact satisfy equations (4.la,b,c). Verification of equations (4.1a) and (4.1c) can
easily be checked. As for the sea-surface condition (4.1b), we have

1 o L, 1 o ot
_ - )2 N ~iax _ -ify —
F(1 +i€)*G, (217 [ e da) (217 [ e dB) on z=0,
from which we may obtain

e —f(1+ie)’G, = —8(x)8(y") = —8(x—§8(y—m) on z=0

by virtue of the relations
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Lad oo

1 = J._m e;axS(x)dX,S(x) = 5—,‘. e—laxda
T

expressing the (well-known) fact that § (x) and 1 are Fourier transforms.

It may thus be seen, in summary, that the Green function G(x; §, f, €) of the theory of flow
about a body in regular waves (where the limit e =+ O is ultimately implied) satisfies the
following equations:

VG =6(x—§)s(y—n)s(z—¢) in z<0, (4.3a)
G,—f(1+ie))G =0 on 2z =0, if ¢<o0 .. (4.3b)
G =O0(lfr) as r=—oo, (4.3¢)
V3G =0 in z<0, (4 .42)
G, —f(1+ie)’G = —8(x—§)8(y—n) on z=20,, if =0 (4.4b)
G =0(lfr) as r—oo (4.4¢)

As was noted previously, the Green function only depends on the three space variables (x —
2 +(y—m?, (z—9?,and (z + {), so that this function is invariant under the substitution
x < §. Physically, the velocity potential Re G(x; &, f, €) exp (e —i) ¢ of the flow created at
point x(x, y,z < 0) by an outflow of strength Re exp (¢ — i)z at point § (£, n, ¢ <0), stemming
from a submerged source if { <O or a freesurface flux if { = 0, is identical to the potential
Re G(E; x, f, €) exp (e —i)t of the flow created at point £ by an outflow Re exp (¢ —i)t at
point x, stemming from a source if z <0 or a free-surface flux if z = 0. It then follows that
equations (4.3) and (4.4) are also satisfied by the function G(§; x, f, €). These equations are
important for the formulation of an integral equation for determining the velocity potential of
flow about a body in regular waves, as is shown in [19] where a new integral equation indeed is
obtained by using both equations (4.3) and (4.4).

5. Single-integral representations

It is convenient to introduce the notation A=fp =f(x'* +y'*)? v=fz', and d=(h* +
v2)Y2 =f¢' so that we have

h=flx—82 + (=01 = P [(X—X,)* + (Y —Y,)*1"*g,
v =f(z+8) = WN(ZH+Z,)e,

d=fl(x—8*+(y—n®+(+)"?
w? [(X_Xs)2 + (Y— Ys)2 + (Z +Zs)2]1/2/g:

Iif
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where (X, Y, Z) and (X,, Y;, Z,) are the dimensional coordinates of the field point and of the
singularity, respectively, in the Green function, and equation (2.5a) was used. It may thus be
seen that d represents the adimensional distance, in terms of L =g/w? as reference length,
between the field point and the mirror image of the singularity with respect to the free-surface
plane z =0, while # is the horizontal distance (similarly adimensional) between these two
points, and v is the negative of the vertical distance.

We restrict our attention to the limiting case e =+ 0 corresponding to purely oscillatory
flow. By performing the change of variable k¥ = fA in the inner integral in expression (3.10b),
we can express the Green function G(x; €, f) = G(x; §, f, ¢ = + 0) in the form

nG(x;§,NIf = —1/fr +g(h,v), 5.1
where the function g(h, v) is defined by the double integral

e(v—-ih cos 8)\

A—(1+i0)’

1

2 ~ T oo
__1_2 1
g(h, ) b }odefo dx (5.1a)

By performing the changes of variables a = fu and 8 = fv in expression (3.10a), we may obtain
the alternative double-integral representation

ev(yz +v)V? _ipy

1 2 (e w0
hv)=——-— d d . 5.1b
g(h,) d = -[0 Vf—* H (1 +vHY2 —(1 +i0) ( )
5.1 Haskind’s integral representation
We start by expressing the double integral (5.1a) in the form
™
g(h,v) = — 1/d — (2/m) fol(e;h,v)de, (52)

where I(0; ki, v) is the inner integral given by

o e(u—ih cos )A

1@;h,v) =) —————dx.

( ) 0 A—(1+i0)

By considering the contours of integration in the complex plane A = A, + i); shown in Figure 1
— where the lower and upper contours are selected for 0 <8 <n/2 and /2 <8 <, respect-
ively — we can express the integral / in the forms

-(h cos 0+iv)t

*® e
1=f L ar for 0<6<m2,
0 t—i

(h cos §+iv)t
* e
1=

. v-ihcos @
o T 37 dt + 2mie? " cos for #/2<8 <.



Figure 1.  Contours of integration in the complex plane A = A, + iA;.

Use of the above expressions for / into equation (5.2) then readily yields

e (hcos O+iv)t (h cos 9+iv)t

g(h,v) = ————fm asf ——ldt—~% mdej"e——Jr;——dt

m
—4ije” f g iheosb g
/2

After performing the change of variable § = 7 — y in the last two integrals, we may regroup the
first two integrals and express the function g(4, v) in the form

g(h,v) = W(h,v) + N(h,v), (5.3)

where the functions W(#k, v) and N(h, v) are defined as
/2 n2
W(h,v) = —4ie® J‘o theosOq9  N(h,v) = —1/d — (2/n) f J(@,h,v)do, (5.4)
with J(6; h, v) given by

—(hcos O+iv)t (hcosO—iu)t

J = .[0 =7 dt +f —T dt. (5.4a)

The integral W(h, v) may be expressed in terms of ‘standard functions’, as may be seen for
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instance from equations (9.1.18) and (12.1.7) in Abramowitz and Stegun [24, pp. 360, 496] .
Specifically, we have

W(h,v) = 2 exp (V) [Ho(h) —iJo(W)], (5.5)

where H,, and J, are the usual Struve and Bessel functions, respectively.
By performing the changes of variables 7= (h cos§ +iv)t and 7= (k cos 6 —iv)¢ in the
first and second integrals, respectively, in expression (5.4a) for J, we may obtain

o e Tdr [w e Tdr
o r+v—ihcos® “JorT+v+ihcosd

(5.6)

By grouping these two integrals, we can obtain

;= .‘-m e T(r+v)dr
o (r+v)? +h%cos?9’

Use of this expression for J in equation (5.4) then yields

do
(r + v)* +h? cos?6’

1 4 = 2
N(h,v) = —3_;.{0 dre”"(1 + v) fo

where an interchange in the order of integration with respect to 7 and 8 was performed. The inner
integral (with respect to 8) can be evaluated (in the usual manner by transforming this integral
into an integral around the unit circle |z| =1 in the complex plane z = e‘e). We may then
obtain

1 = ¢™" sgn (7 + v)dr 1 ~ ¢! sgnt dt
Nh,v) = ——— = —=——2e"|
(h,v) P 2_[0 (7 + 0P + K212 d 2e7 ) (* + )2

where the change of variable ¢ =7 + v was performed. The last expression may readily be
written in the following alternative forms:

1 - 0
N(h,v) = —;-Zevjo et + n¥)y V2dr + 2¢° J.u e t(t? + ) Vidr,

1 = w
N(h,v) = _.J_4evf0 et (t? +h2)—”2dt+2eva e t(t? + k) Vg,

The first integrals in the above alternative expressions can be expressed in terms of ‘standard

functions’ as may be seen for instance from equation (12.1.8) [24, p. 496]. We may then
obtain
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N(ho) = ==+ e [¥o(h) —Ho(W] +2 [ et + 12y e, (5.72)
N(ho) = ==+ 2n* [Yo(h) —Ho(h)] +2 [ et + 12y ¥2at, (5.7b)

where Y, and H, are the usual Bessel and Struve functions, respectively, as they are defined in
[24] for instance.

By using the above alternative expressions for N(h, v) and expression (5.5) for W(h, v) in
equation (5.3), we may finally obtain

g(h,0) = me®[Yo(h)+ Ho(h) — 2io ()] —$+ ZJO_Uet+"(t2 +h2) V24 (5.8a)

g(h,v) = 2me’ [Yo(h) —iJo(h)] —%+ 2 J_: ettt + h?) V24, (5.8b)
Expression (5.8b) is identical to the expression obtained by Haskind [7] and given in Wehausen
and Laitone [12, p.477] equation (13.17"). The modified Haskind expression (5.8a) was used
by Kim [14] and Yeung [15], and was also recently rederived by Hearn [16]. For purposes of
numerical evaluation, a convenient alternative form of the integral in expression (5.8a) is
obtained by performing the change of variable 7 = — (¢ + v)/d. This yields

~ 1
g(h,v) = me® [Yo(h) + Ho(h) —20o(W)] = +2 [ e747(1 —2ar + 1) 2ar,
(5.8¢)
where we have a = —v/d by definition and 0 <& < 1. This modified Haskind integral represen-

tation is very well suited for evaluating the Green function for small values of «. Indeed, for
v = 0, the integral in formula (5.8¢) vanishes, and we have the particularly simple expression

g(h,v = 0) = w[Yo(h) + Ho(h) —2ilo(h)] — 1/h. (5.9)

However, Haskind’s integral representation is clearly not well suited for evaluating the Green
function for values of « close to 1. As a matter of fact, expressions (5.8) are not defined for
a=1,ie. for h =0 and v <0, so that these expressions can only be used for v <0 and 4 > 0.
A complementary single-integral representation that is well suited for evaluating the Green
function for v < 0 and small values of 4 = 0 will now be derived.

5.2 The near-field integral representation

By performing the changes of variables =7 + v —ih cos § and ¢ =7+ v + ik cos 6 in the first
and second integrals, respectively, in equation (5.6) we may obtain

J = exp(w—ih cos 6)E; (v —ih cos 0) + exp (v + ih cos 0)E (v + ih cos 8),
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where E| is the usual exponential integral defined here as in equation (5.1.1) {24, p.228]. By
using the symmetry relation E,(Z) = E,(Z), we may then obtain J =2 Re exp (v + ik cos 8)
E (v + ih cos ). Use of this expression for J in equation (5.4) finally yields

N(h,v) = —1/d — (4/m) jo”” Re eZE,(Z)d8, (5.10)

where Z is the complex function defined as Z = v + ih cos 6.
By using formulas (5.5) and (5.10) in formula (5.3), we then have

~ . 1 4 =2 z .
g(h,v) = 2me’ [Ho(h) —iJo(h)] —o Jo Re eZE,(Z)d9; Z = v+ihcos@.
™

(5.11)

For the sake of easy reference (and for reasons which will become clear further on), the
expression for the Green function defined by formulas (5.1) and (5.11) is referred to as the
‘near-field integral representation’ of the Green function. This expression has also been
obtained, independently and in a different manner, by Guevel and Daubisse {17] and Martin
[18]. The near-field integral representation (5.11) takes a particularly simple form for # =0,
namely

gth = 0,v) = 1/v—2exp(v)[Re E (v +i0)+in]. (5.12)

The main interest of the integral representation (5.11), by comparison with the alternative
integral representation (5.8¢), resides in that this expression can be used to obtain an ascending
series useful in the neighborhood of the origin # = 0 = v, i.e. for small values of 4 and — v, This
ascending series will be given in Section 7.

5.3 The far-field integral representation

We now start from the double-integral representation (5.1b), which we write in the form
g(h,v) = 1/d— /) jo”l(v;h,v)du, (5.13)

where I (v; h, v) is the inner integral defined as

- eu(uz+vz)1/2 —ihp

Iwih0) = A a)

By multiplying the numerator and denominator of the integrand of the inner integral 7 by the
expression (u® +»?)"2 + (1 4+i0) and by rearranging the denominator, we may express this
integral in the form
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Figure 2.  Contour of integration in the complex plane u = pu, + iy;.

172

=] e? W VDY ihu (2 4 212 4 (1 4 0)] J

= (w12 40y [u— (1 — o2 +ioy2] ¥
The poles t (1 —»? +i0)"? of the integrand of the above integral are given by * [(1 —
V2 )VY2 +50] if 0 <v<1and# [0+ i(* —1)V?] if 1 <v <o, By considering the contour of
integration in the complex plane u =, + iy; shown in Figure 2, and noting that we have
(u? +v)V2 =5 i(u? —v*)Y? for u =+ 0 + iy; on the two sides of the cut defined by u, =0
and — oo < y; <~ p, we can express the integral 7 in the form

1/2 /2

—e ghMmiv(u}-v?)

_y ehMitiv(ui-v?)
I=] idu; — 2miR. (5.14)

e idy; +
() G f-u —i(u} —v*)? —1
In this expression R is the residue at the pole — (1 —»?)V2 if 0<p<1,o0r at —i(@? —1)"? if
1 <y < oo, 50 that we have

—exp [v+ih(1 —v?)V2] /(1 —»*)Y2  if 0<w<1
Reiho) =1 2 1/27 /()2 2 ; (5.15)
iexp [v—h(* —1)'?]/(* —1) if 1<v<o

as may easily be found. By performing the changes of variables r = (u? —»*)"? and 7= —
(u? —v*)Y? in the first and second integrals, respectively, in expression (5.14), we can finally
obtain

~h@ )V 4ot

1) = | ¢

tdt —2m@iR(v; h, v), 5.16
—e (t4 i)t +?)? d miR (v h, v) (5.16)

where R is given by equations (5.15).
By using equations (5.16) and (5.15) in formula (5.13), we may then express the function
g(h,v) in the form

g(h,v) = W (h,v)+N'(h,v), (5.17)
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where the functions W' and N’ are given by

1 eih(l—vz)”z e~ht’ -1)‘“
W) = —die* | o d j G (5.17a)
h(p +9) 2 vivu
W = g2 o [ CAm)

The two integrals in equation (5.17a) can be expressed in terms of usual Bessel functions, as
may be seen by performing the changes of variables » = sin § and » = (1 + ¢2)"? in the first
and second integrals, respectively, and by using equation (9.1.18) [24, p.360] and equations
(12.1.7) and (12.1.8) [24, p.496] . Specifically, we may obtain

W' (h,v) = 2me’ [Yo(h)—iJo (h)] = — 2mie"H§V (h). (5.18)
By performing the changes of variables p=Acosf and »=2Asin8 in the double integral
(5.17b), we may express the function N'(k, v) in the form

N'(h,v) = 1/d —(2/7) foﬂJ(e;h,v)de, (5.19)

where the inner integral J is given by

,, e-(h -ivcos 0)A

KO = | ey M

This integral may be expressed as

1 me—(h—iucos())?\

J=————~—j 0| ————dr
h —ivcos@ Fsec -‘.o At+isecd

By performing the change of variable 7 = A + i sec 8, we may then obtain

isecd -(h-ivcos 6)71 (ﬂ'

= —isec@e? J- e ,
VA isec@ T

where Z is the complex function defined as Z = v + ik sec 6. The change of variable ¢t = (h —
iv cos ) 7 then yields

w ot
J = tsec@(———e -‘-z et—dt) = isecO[1/Z —eZE,(Z)].

Substitution of this expression for the inner integral J into formula (5.19) then gives
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2

N'(h,v) = —1/d —(4/n) fo Im eZE,(Z) sec 046, (5.20)

as may be found after some transformations.
By substituting expressions (5.18) and (5.20) for W' and N', respectively, into formula
(5.17), we can finally obtain

1 4 2
£(h,0) = 2me [Yo(h) — o (h)] = —= | ImeZE,(2) sec0d0; Z = v+ insec.
™
(5.21)

This expression is obviously not defined for # = 0, and is best suited for evaluating the function
g(h, v) for large values of h. The expression for the Green function defined by formulas (5.1)
and (5.21) will thus be referred to as the ‘far-field integral representation’. To the author’s
knowledge, this integral representation does not seem to have been given previously. There is a
striking similarity in form between the far-field representation (5.21) and the near-field repre-
sentation (5.11). These two integral representations indeed are complementary. In particular,
the near-field representation (5.11) readily provides an asymptotic expansion valid for large
values of d and small or moderate values of h/d, that is in a sector neighboring the vertical axis
h = 0; while an asymptotic expansion valid for large values of d and small or moderate values of
—uv/d, that is in a sector neighboring the horizontal axis v =0, can readily be obtained from
the far-field representation (5.21). These complementary asymptotic expansions are given in
the following section. Comparison of expressions (5.8b) and (5.21) show that these expressions
are equivalent, and that in fact we must have

2 el

2 ) v -1/2
- J.o Im eVt seeO K (v + ih sec §) sec 6d8 = fo e 9T (1 +2 ET + 12) dr,

as may be obtained by performing the change of variable 7 = — (¢ + v)/d in the integral in the
Haskind expression (5.8b)

6. Asymptotic expansions

Let us first consider the far-field integral representation defined by expression (5.21), or by the
equivalent equations (5.17), (5.18), and (5.20). We define the integral 7, (h, v) as

w2
I,(h,v) = Im(—2/7) fo (1/Z)sec0d0;  Z = v+ ih sec6. (6.1)

We have

Ii(h,v) = 1/d, (6.1a)
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as may easily be verified, and indeed was already used in the derivation of expression (5.20). By
using equations (6.1 and 6.1a) in equation (5.20), we may express the function ¥ "(h,v) in the
form

/2
N'(h,v) = 1/d — (4/m) jo" Im [ZE,(Z) —1/Z] sec0d8; Z = v+ihsechd. (62)
By using the well-known asymptotic expansion

exp(Z)YE\(Z)—1/Zz ~ Z (—D"nYZ™*t as |Z| >, with |AgZ|<m, (6.3)
n21

in expression (6.2), we may obtain the asymptotic expansion

N'(ho)~1/d+2 ¥ (—1)"nln, (h,v) as d->o, with k>0, (6.4)

nz1

where /,,,; (h, v) is the integral defined by

w2

I.,(h,v) = Im(—2/n) -fo (1/Z™* 1) sec 848 Z = v+ihsech.

It may be seen that we have the relation

I, .1 (h,v) = (—1/n)al,(h,v)/0v, (6.5)
from which we may obtain

(—D"nl, ., (h,v) = 8", (h,v)/ov” = 98"(1/d)/dv", (n=1), (6.5a)

where equation (6.1a) was used. The asymptotic expansion (6.4) then becomes

N'(h,v)~1/d+2 Y 3"(1/d)/av" as d—o, with h>0. (6.6)
nea1

It may be verified that we have
on(1/d)/ov"™ = P,()/d™*!, (6.7)
where o = —v/d, and P, (o) is a polynomial of degree » in a.

By using equation (5.18) and equations (6.6) and (6.7) in equation (5.17), we may finally
obtain
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g(h,v)~2me” [Yo(h) —iJo(M)] + 1/d+2 Y P,(a)d"! as d->o (6.8)
ne1

with 0 <a =—9/d < 1. The first few polynomials P, () may be shown to be

Pl = qQ, P2 =—(1_3a2)’
Py, = —32a(1 —$a?), P, = 3%(1 —100® + ¥a*), (6.82)
Py = 3-52a(1 —Ba? +2a?), Py = —32-52(1 —21a? + 63a® — 2 o).

We now consider the near-field integral representation defined by expression (5.11), or by the
equivalent formulas (5.3), (5.5), and (5.10). We define the integral

2

(ko) = Re(=2/m) [ (1/2)do;  Z = v+ ik coso. (6.9)
We have
Ii(h,v) = 1/d, (6.9a)

as may be verified. By using equations (6.9) and (6.9a) in equation (5.10), we may express the
function N(k, v) in the form

N(h,v) = 1/d —(4/m) fom Re [e?E,(Z) —1/Z] db; Z = v+ihcosd. (6.10)

By using the asymptotic expansion (6.3) in expression (6.10), we may obtain the asymptotic
expansion

Nhoy~1/d+2 Y (=1l (h,v) as d—>o, with v<0, (6.11)
n=1

where I, , (h, v) is the integral
w2
Inwy(h,%) = Re(=2/m) [ (1/Z"*1)d6;  Z = v+ihcose.
0

Equations (6.5) and (6.5a) may readily be verified to hold, so that the asymptotic expansion
(6.11) becomes

N(r,o)~1/d+2 ¥ an(1/d)/av" as d-eo, with v<O. (6.12)
nz1
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The functions N'(4, v) and N(h, v) defined by equations (6.2) and (6.10) thus happen to have
the same asymptotic expansion as d - e°, although these expansions are not valid in the same
regions of the (4, v) plane. Specifically, the asymptotic expansions (6.6) and (6.12) are not
valid in the neighborhoods of the vertical axis # = 0 and of the horizontal axis v = 0, respect-
ively. It may be convenient to express the polynomials P, {a) in equation (6.7) as functions of
B=h/d [so that we have a = (1 —2)"?]. The polynomials P, («) can then be expressed in the
form

Pp(a) = n!Qn(p), (6.13)

where the functions Q,,(B) verify Q,,(0) = 1, since we have P, (1) = r! as may be verified from
equation (6.8a).

By using equation (5.5) and equations (6.12), (6.7), and (6.13) in equation (5.3), we may
finally obtain

g(h,v) ~2me® [Ho(h) —iJo(W)] + 1/d+2 Y n!'Q,(@)/d"*' as d->o, (6.14)

nz21
with 0 <B=h/d < 1. The first few functions Q,,(f) are given by
0, = (1—-p)", Q, = 1-3p%,

0; = (1-p)"2(1 —3p%), Qs = 1—5p* +%8*, (6.14a)
Qs = (1 =pH)V2(1—78* +%8*), Qs = 1 —%p +1§2p% —Bigs

The difference, 8g(k, v) say, between the values of the function g(A, v) given by the asymptotic
expansions (6.8) and (6.14) is given by

5g(h,v) = 2me®[Yo(h) —Ho(h)] = 2me =8 [y (Bd) — H,(Bd)] . (6.15)

The function 8g(h, v) thus is exponentially small as d — o, provided we have 0 < < 1. It may
then be seen that the ‘transition discontinuity’ §g(d, 8 = $;) due to the use of the asymptotic
expansions (6.14) and (6.8) for 0 <8<, and §; <P < 1, respectively, is exponentially small,
and thus is negligible — in an asymptotic sense — in comparison with the algebraic terms 1/d"
in the asymptotic expansions. An optimum transition between the asymptotic expansions (6.8)
and (6.14) may be determined from the obvious requirement that the transition discontinuity
5g(d, B¢) is a minimum. This optimum transition then is given by the solution of the equation
0[6g(d, B)]/ap =0. By differentiating equation (6.15), we may then obtain the following
equation for the ‘“transition curve’ v, (h)

—v = h{Ho(h) — Yo(W]/[H\(K) — Y, (k) —2/n], (6.16)

where equations (9.1.28) and (12.1.11) [24, pp. 361, 496] were used. In particular, equation
(6.16) gives
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— v, ~h2(1 +2/h —30/h* +..) as h->o, (6.16a)

as may be obtained by using equations (12.1.30) and (12.1.31) [24, p.497] . By substituting
expression (6.16a) into equation (6.15) we may then obtain the following expression for the
transition discontinuity 8g,(h)~—4 exp (—h?)/h as h oo, The discontinuity may be
regarded as negligible in practice if it is sufficiently small in comparison with the main algebraic
term, i.e. 1/d, in the asymptotic expansions (6.8) and (6.14). We thus require that 4d exp
(—h*)/h be smaller than the desired relative accuracy, e say, which might be taken as e = 0.01
for practical applications. This then yields 4(1 + h%)Y? exp (—h?)<0.01 [since we have
d=(h* +v*)Y2 ~h(1 + h*)"? as h >0 on the transition curve —v~h?], from which we
may obtains > 2.6 andd > 7.2.

For sufficiently large values of d (say for d greater than about 7 according to the foregoing
analysis), the function g(h, v) can then be evaluated by means of the asymptotic expression

gh,)~Wh,v)+N(h,v) as d->oe (6.17)

The function W(h, v) in expression (6.17) is given by

27 exp (VYo (h) —iJo(h)] . v, (M) <v<0

W(h,v) = ~ or ,
27 exp (V) [Hy (h) —iJo(h)] —oolp<v,(h)

(6.17a)

where the transition curve v,(k) is defined by equation (6.16). The function N(h, v) in ex-
pression (6.17) can be evaluated by means of either one of the equivalent asymptotic expansions

Nh,v)~1/d+2 Y Py(a)/d™! = 1/d+2 ) n!Q,(B)/d"*' as d-—oo,
n21 n21 (6.17b)

where @« = —v/d and § =h/d, and the functions P, (&) and Q,(p) are given by equations (6.8a)
and (6.14a).

The error associated with the use of the asymptotic expansion (6.17b) is of the order of the
term following the last term in the truncated series (i.e. the first discarded term in the series), as
is well known. The requirement that the function N (%, v) be evaluated with a relative accuracy
€ (say with € =0.01 in practice) may then be approximately expressed by the condition
2|P,()}/d" <e, which yields d > [2|P,(a)|/e]¥™. The function d,(c; €) = [2IP,()i/e] V"
may be evaluated, notably in the particular cases & = 0 and a = 1. In the particular case a = 1
(8= 0), that is along the vertical axis # = 0, we have P,,(1) = n!, so that we may obtain d,,(a =
1, €)= (2n!/e)"™. For e = 0.01, we may then obtain d; =200, d, =20, d3 = 10.63, dy =
832, ds =7.52,ds =7.24,d, =721, dg =7.30,.... In the particular case a =0(f=1),
that is along the horizontal axis v =0, we have P,,_;(0)=0 and |P,,(0)| = 12.32.5%. ..
(2n —1)?, as may be seen from equations (6.8a). We may then obtain d,, (@ =0,¢€) = [2.1%.
32.5%. .. (2n—1)*/e]¥?". For € =0.01, this yields d, = 14.14,d, = 6.51, dg = 5.96, dg =
6.21 ... . The above results suggest that if a relative accuracy € = 0.01 is desired (as ought to
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be sufficient for most practical applications), it may not be advantageous to use more than the
first five terms, i.e. 1 <n <4, in the asymptotic expansion (6.17b); furthermore, it appears
that this 5-term asymptotic expansion could be used for d greater than about 8 ifa = 1(# = 0)
and for 4 greater than about 6.5 if a = 0(v = 0). These values of d fortunately happen to be
about the same as the value d = 7.2 found previously from the requirement that the transition
discontinuity in the value of the function W(h, v) be negligible. On the basis of the foregoing
analysis, it may thus be recommended that the 5-term asymptotic expansion (6.17b) be used in
a region which may approximately (and tentatively) be defined by the equation 4%/45 + v?/
652 1; a more precise numerical determination of the domain of practical usefulness of the
asymptotic expansion (6.17b) is, of course, possible.

7. Ascending series

In this section, an ascending series for the function g(%, v) is obtained from the near-field
representation given by formula (5.11), or by the equivalent equations (5.3), (5.5) and (5.10).
Let the integrand exp (Z) £, (Z) in equation (5.10) be expressed in the form

e?E(Z) = —eZ(InZ+y)+e?[E,(Z)+1InZ +7]. (7.1)

Furthermore, let the complex function Z = v + ik cos 8 in the term In Z be written in the form

7 =929 2 2 e 72
2 \d—v  d—o V) (7.2)

for reasons that will become clear further on. Also, let the parameter ¢ be defined as

o = hid—v). (7.3)

It may be verified that we have 0 <0 <1, and 2v/(d —v) = ¢ — 1, so that equation (7.2)
becomes

d__.
z=2""

(6 — 1+ i20 cos 9).

Use of this expression for Z in equation (7.1) then yields

d—v

e?E|(Z) = —eUtihcos® [ln +y+in+In(1—0 —i2o cos@)]

+eZ[E(Z)+1InZ +4].
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By using this expression for the integrand exp (Z) E,(Z) in equation (5.10), we may express
the function N (A, v) in the form

d—v

N, v) = —§+ 2e”([1n +7}J0 (h) —nH, (h)+[)—2J, (7.4)

where equations (9.1.18) and (12.1.7) [24, pp. 360, 496] were used, and [ and J are the integrals
defined as

w/

0

2
['=@/mRe | e™0In[1—0% —i2 cos ] b, (1.5)
J = (2/11)f;"2 Re eZ[E(Z)+InZ ++]d6;  Z = v+ih cosé. (7.6)

Substitution of expressions (5.5) and (7.4) for the functions W and N in equation (5.3) finally

yields the expression

d—v
2

gh,v) = —l/d+2e”[(ln +7—i11)J0(h)+1]—2J. 7.7

The ascending series for the above-defined integrals /7 and J are given below. The integral J is
considered first.
We have

oo

eZ[E(Z)+InZ + 4] =[ ¥ z'"/m!Hi (— 1)k+lzk/k-k!],
] k=1

m=

as readily follows from the ascending series of the functions exp (£) and E,(Z). The above
product of series may be expressed in the form

n! n=

5 i(—l)”” n! ]Z" il(fl)zn

AT k. =Rkl =N T

where equation (0.155, 4) [25, p.4] was used. The well-known binomial expansion formula
yields

no(n
Z" = (v+ihcosO)* = Y ( )z’khkv"“k cos®g.
k

k=0

We may then obtain

o
ReZ™ = n! Y (—1)*h**y" 2% cos?®9/(2k)!(n —2k)!,
k=0
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where 7' is defined as n’ =n/2 if nis even or asn’ = (n — 1)/2 if n is odd. We thus have

ZE,(Z)+nZ+q] = 3 [ 3+ i (—DF IO costi
Ree®[E1(Z)+InZ+0] = 2\ 2 ) | & (2K)(n — 2k)! '

Substitution of this series for the integrand in the integral (7.6) and term by term integration
finally yields

= S - l n n - g 1.3.5...2k—1) p2kon-2k )

{ n/2
o = _ (1.8)
(n—1)/2

We now consider the integral /. By replacing the function exp (i cos 8) in equation (7.5) by

the ascending series X i"A" cos”6/n!, we may obtain
n=0

I = z (— l)n (2n)!R612n —mlm12n+l s (79)

o0 2n h2n+l
n=0

where [, is the integral defined by
w2
I, = (2/n) jo In [1 —0? —i20 cos 8] cos"0d8.

It may be verified that we have
Rel,, =1, and Imln,, = —il3,.,, (7.10)

where I, is the integral given by
™
I, = (1/2m) J‘ In [1 —0* —i20 cos 0] cos"0d0.
-7

Use of equations (7.10) in equation (7.9) then yields

I=1I+ ¥ (—1)n

n=1

h2n h2n—1
[ n —i (7.11)

(2n)! fan =1 (2n—1)! Tan-1

The integral I, can be expressed as a contour integral around the unit circle |z[ =1 in the
complex plane z = exp (i6). We thus have
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1 io i 1\" dz
20 = — - + — — i -] —
2", o J.|2|=1 In [ . (z 0)(2 za)] (z + z) < (7.12)

By using the binomial theorem, and after some transformations, we may obtain
I R L 1 2n) 1
42 = 2n-2k-1 4 1+ — 7.13
2 (z z) o\ e z ZZn-2k+1 nlz (7.132)

2n -1 -
1 1 n-1 (2np—1 o 1
;(”z‘) } ( ¢ T ) (7.130)
k=

Use of equations (7.13a,b) in equation (7.12) then yields

n2n gt . 2n 7] nt 2n + -
2L, =1 I+ Y (IZn-2k-2 T 13n_2k41), (7.142)
n k=o\ K
:n2n-1 ! nt(2n—1 + -
2" .y = Y x (Ian-2k-2F T30 _2x) (7.14b)
k=0

where I, and I;, are the integrals defined by

1 . .
I = — J. In [_z_a (z +l—)(z —ia)}z’"dz, m=0, (7.159)
2m Yz1=1 z o
- _ 1 i i . dz
= [‘; (Z*z)(z—"’)]z—m’ m>2. (7159
It may be verified that we have

Furthermore, we have

I =1I

m-2>

(7.17)

as may easily be verified by performing the change of variable z = 1/¢ in the integral (7.15b).
Use of equations (7.16) and (7.17) in equations (7.14a,b) then yields

n-1(9p
i22n—11;n = Z( )I;n—2k-la (7.183)
k=0 \ Kk
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-1 —
izn-rn o= "Z e bod (7.18b)
2n-1 w20 k 2n-2k-2- )

We have 0 <o < 1, so that the function In [—io(z + i/0)] z™ is holomorphic in the region
|z] <1, and the integral (7.15a) becomes

1 z—io 1 g
+ - m = - 1— ] T} 7.19
Im 2n J.Izl-lln ( z )z az 2n l§|=lln( o) ¢mr? (7.19)

where the change of variable ¢ = 1/z was performed. We can then obtain
Ir = ime™*Y(m+1). (7.20)

Use of expression (7.20) for the integral I;;, in equations (7.18a,b) then gives

(— D", /(2n)! = (—2/2*") "il(— D*6*" 2k |2n —2k) k! (2n —k)!, (7.21a)
k=0

(=)' [Qn—1)! =

n-1

(—2/22" 1) ¥ (= DR 220 — 1 —2K)k!(2n— 1 —K)!. (7.21b)
k=0

By substituting expression (7.16) and (7.21a,b) for the integrals Iy, I3, and I3, _, in equation
(7.11), we may finally obtain

w n'  \k n-2k n [2—1
I ==2 Z(Z CD_o )(_E), o= k n' "

n=1\k=0 KN(n—Kk)! n—2k d—v’ N (n—1p2°
(7.22)

Equations (7.22), (7.8), and (7.7) — where the classical ascending series for the Bessel and
Struve functions Jo (#) and Hy (h), namely

a0 2\?
Io = § 1y (hT) ()2, (7.233)

%ﬁo(h) = S (= 1)RYI2.32.52. 2n + 1Y, (7.23b)

n=0
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may evidently be used — provide an ascending series useful for evaluating the function g(h, v)
for small and moderate values of d.

8. One-dimensional Taylor-series expansions

The near-field representation (5.11) may be used to obtain a Taylor-series expansion of the
function g(h, v) in the neighborhood of the vertical axis # = 0. Let I(h, v) be the function
defined as

w2

I(h,v) = Re(4/n) [, ?E,(2)d8;  Z = v+ihcosd. @.1)
By expanding the function /( A, v) in a Taylor series about the axis # = 0, we may obtain

I(h,0) = § A" [3"I(h, 0)/0h"]puo/n!. (82)

n=0
Differentiation of both sides of equation (8.1) yields
2
3"I(h,v)[ah"™ = Re (4/m) [ [d"e?E\(Z)/dZ"] i" cos™do. (8.3)

From the definition of the exponential integral function £, (Z), given for instance by equation
(5.1.1) [24,p.228] , one may show that

dreZE((2))dZ" = e2E\(Z)+ S (k—1D)(—Z)* for n>1. (8.4)
k=1

By using equation (8.4) in equation (8.3), we may obtain

3y 1.3.5...2n—1) m (k—1)!
o1 = 2(—1)" v Re E, (v+i0)+ for n>1
ann | 2ED = e an | ReEEri0) kz=1 | T
=0 (8.52)
while for n = O we have
I(h = 0,9) = 2¢” Re E, (v + i0). (8.5b)

We have Re iE, (v + i0) = —Im E; (v + i0) = 7, as may be found from the ascending series for
the exponential integral given, for instance, by equation (5.1.11) [24, p.229]. It may then be
seen that we have
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oljdh|, ., = 4e”, (8.5¢)
and

iy _2.4.6...2n)

LA I f >1. 8.5d

e D s e ¢ T o2 (8.5d)

h=0

Use of equations (8.5a,b,c,d) in the series (8.2) then yields

= 1.3.5...2n—1) h*"
— v + 70 + — 1" +2J(h,
[(h,0) = 2¢" Re £ (v ')[l Z,CD 2.4.6...02n) (2n)!] (h,7)
= 2.4.6...2n) K"
+4e" |h + — 1" 8.6
Rl PR i e ey o mrny el B (8.6)
where the function J(h, v) is defined by the series
& (k=1 1.3.5...2n—1) K*"
J(h = —1)" . 8.6
(h0) = 3, )L; (—v)k] 2.4.6...2n) (2n)! (8.62)

The two series between brackets in equation (8.6) are the ascending series for the functions
Jo(h) and (n/2)Hy(h), respectively, as may readily be verified from equations (7.23a,b), so
that equation (8.6) becomes

I(h,v) = 2e"[Re E{ (v +i0)Jo(h) + nHy(h)] + 2J(h, v). 8.7)

The series (8.6a) for the function J(k, v) may be expressed in the form

23:_1 @n—1-m)!| 1.3.5...2n—1) A*"

Mo (—op" ™ | 2.4.6...21) m)l (8.73)

J(h,v) = 21 (—1)"

By substituting expression (8.7) for the integral (8.1) into formula (5.11), we may finally
express the function g(h, v) in the form

g(h,v) = —1/d —2Jy(h) exp (V)[Re E (v +i0) + in] —2J(h, 7). (8.8)

The series (8.7a) for the function J( 4, v) can be written in the form

_& (=D"135...2n—1) (A )"
I = 3 2.4.6...2n) (—v) FPr@, (8.82)
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where P, (v) is the polynomial of degree 2n — 1 given by

2n-1

P,v) =14+ Y (—o)"/2n—1)(2n—2)(2n—3)...(2n—m). (8.8b)
m=1]1

We have J(h=0, v)=0 and Jo(h=0)=1, so that expression (8.8) becomes identical to
expression (5.12) in the limit 2 = 0.

A complementary Taylor series of the function g(4, v) in the neighborhood of the horizontal
axis v= 0 can be obtained from the Haskind integral representation (5.8a). Let I(A, v) be the
function defined as

-v
I(h, ) = fo etv(e? + k) V2gy, (89)

Expansion of this function in a Taylor series about the axis v = 0 yields
1(h,v) = ‘2 [8"1(h, 0)[00"] yuo/n!, (8.10)

where the fact that /(h, v = 0) = 0 was used. It can be verified that we have

RN § n 12,3252, . .Qk—1)* 3¥"*%y
2n+1 = z 2k+(1 ) = Rt 2 for n=0.
av v=0 k=0 h 8’0 v=0
: (8.11)

(_ 1)k+l

Use of equation (8.11) in equation (8.10) yields the series

I(h,v) = i ot (1+2 +2)[ Z( 1)+ 12.32.5:2’;;52k—1)2]’

n=o (2n+1)!

which may be written in the equivalent form

e (o oo 123252 (2n—1—2m)?
I(h,v) = ngo I+ 1) (1 n +2) [ z =D pan+1-am ]
(8.12)

By using equation (8.9) in equation (5.8), we may then express the function g(#, v) in the form
g(h,v) = —1/d + 7 exp (V)[Yo(h) + Hy(h) — 2iJo(R)] + 21(h, v). (8.13)

The series (8.12) for the function /(h, v) may be written as
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o _ n _ _ 2n+1
1(h,v)=_—”(1+3)+ (— D" 1.3.5...(2n 1)(__v) (1+ v )P,,(h),

h 2] n=12n+1 2.4.6...02 h 2n+2
b (2n) (8.13a)
where P, (h) is the polynomial of degree 2n given by
n
P(h)y =14+ Y (—1D)™r*™/2n—1)*(2n—3)*(2n—5*...2n+1 —2m)?.
m=t (8.13b)

In the limit v = 0, we have / = 0, and expression (8.13) becomes identical to expression (5.9).

9. The gradient of the Green function

The vertical derivative, G, of the Green function G (x; §, ) may be expressed directly in terms
of the function g(4, v), as will now be shown. Following an idea used by Eggers [22] for the
similar problem of ship wave resistance, we express the Green function in the alternative forms

4nG(x;€,f) = —lr+ 1f +H*(p,2';f) = —1/r—1/f + H (p,2"; ), (9.1a,b)

where we have p=[(x —£)2 + (y —n)?|Y2, Z'=z4+¢, r=[p2 + -0V, r=(p* +
z'2)V% and f=w?L/g, as was defined previously. Although the precise expressions for the
functions H* (p,z’; ) and H™ (p, z'; ) can evidently be readily obtained from the analysis in
the previous sections, for instance by setting € = + 0 in expressions (3.10a) and (3.10b), the
precise forms of these functions are actually not required here. By using equations (9.1a, b),
we may obtain

an(G, —fG) = (—1fr—1/¥), + H; —f(—1/r+ 1/rYy—fH". 9.2)
The sea-surface condition (4.3b) shows that we have G, —fG =0 onz = 0 if { <0. It may also
readily be seen that —1/r+ 1/ =0onz=0and (1/r+ 1/r), =0 on z =0 if { <O0. It then
follows from equation (9.2) that we have H; — fH* =0 on z = 0 if { <0. This relation how-

ever must hold for z <0, since the functions H* and H~ depend on z + {. We thus have H, —

fH* =0, as may also readily be verified from equations (3.9a) and (3.9b). Equation (9.2) then
becomes

4n(G, —fG) = —(/r+ 1/r), + f(1/r—1/F). 9.3)
By using expression (5.1) for the green function, that is

A4nG(x € N)f = —1/fr +g(h,v) ©4

in equation (9.3), we may finally obtain
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4nG,[f* = (z —OIf*r +v/d> —1/d +g(h,v), 9.5

where v=fz', h =fp, and d =, as was defined previously. Expression (9.5) for the vertical
derivative G, of the Green function was obtained previously by Martin [18], in a different
manner. The horizontal derivatives G, and G, of the Green function G may readily be obtained
by differentiating expression (9.4). Specifically, we may obtain

G, = G,(x—Blp, G, = G,(y =i, (9.62,b)
with G, = 0G/dp given by

4nG,lf* = plf*r’ + gu(h,v). 9.7)
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